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Abstract
We study the graded geometric point of view of curvature and torsion
of Q-manifolds (differential graded manifolds). In particular, we get a
natural graded geometric definition of Courant algebroid curvature and
torsion, which correctly restrict to Dirac structures. Depending on an
auxiliary affine connectionK, we introduce theK-curvature andK-torsion
of a Courant algebroid connection. These are conventional tensors on the
body. Finally, we compute their Ricci and scalar curvature.
2 P. Aschieri, F. Bonechi, A. Deser
Contents
1 Introduction 2
2 Curvature and Torsion for NQ-manifolds 5
3 Lie Algebroid connections 9
4 Connections on Courant algebroids 11
5 Graded geometry of Courant Algebroids 13
5.1 K-curvature and K-torsion . . . . . . . . . . . . . . . . . . . . . . 16
5.2 Dirac structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
6 Comparison with naive torsion and curvature 19
7 Ricci tensor and scalar curvature 21
A Generalized connection on T[1]M and torsion components 23
B Lagrangian submanifolds of T ∗[2]T [1]M 24
1 Introduction
Introduced as a common generalization of pre-symplectic and Poisson structures
[1], Courant algebroids are by now a well-studied structure in mathematics and
physics. Hitchin and Gualtieri’s generalized geometry is based on the use of
Courant algebroids as a generalization of the tangent bundle. Several basic tools
of differential geometry are naturally adapted to this perspective, namely the
notion of generalized metrics and connections are well established. On the other
hand, the definitions of curvature and torsion are less straightforward. Indeed the
naive generalization obtained by mimicking the standard differential geometric
definitions fails to produce objects with the expected tensorial properties, due to
the failure of the Jacobi identity for the Courant bracket.
A proposal for torsion in Courant algebroids was given by Gualtieri [2] and
there are several ways to define a Riemann tensor, e.g. by adding additional
terms to the naive definition enforcing tensor properties [3, 4] or restricting to
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appropriate subbundles of the generalized tangent bundle [5]. The geometric
interpretation of the Riemann tensor however remains unsatisfactory compared
to the ordinary Riemannian curvature. Independently, these ideas turned out to
allow for a duality-invariant formulation of the bosonic sector of type II super-
gravity [6, 7] and play a decisive role in understanding contemporary models of
duality invariant field theories arising from string theory [8, 9, 10].
An alternative view on Courant algebroids was established by Roytenberg
[11] and Sˇevera [12] in the language of graded symplectic geometry: Courant
algebroids correspond to degree-2 symplectic differential graded manifolds.
Later, bundles of the form TM ⊕ ∧pT ∗M together with the so called Vino-
gradov bracket were shown to correspond to symplectic differential graded man-
ifolds of the form T ∗[p + 1]T [1]M (see [13] and [14]). Finally, it was realized in
[15, 16] that algebraic structures in string inspired, duality invariant field theo-
ries can be understood using symplectic differential graded manifolds of the form
T ∗[p]T [1]M .
The language of graded geometry is extremely concise and allows to encode
rich geometrical structures in terms of few basic notions so that certain construc-
tions, that in the language of ordinary differential geometry are quite intricate,
become canonical and conceptually very simple. The definition of connection on
a graded vector bundle is a striking example of this feature and the purpose of
this paper is to work out the graded geometrical point of view to connection,
curvature and torsion for Courant algebroids. We will show that the definitions
of curvature and torsion are non ambiguous once they are formulated in this lan-
guage; we will propose also a way to translate them in the language of ordinary
differential geometry. We believe that this point of view clarifies that the diffi-
culties encountered in the literature contain essential features of this geometry
that should be properly taken into account, whatever approach one is following.
We introduce first in Section 2 the notion of connection and curvature for
differential graded manifolds (Q-manifolds in short). Given (M, Q) a Q-manifold
and E → M a graded vector bundle; a connection on E is a fibre preserving
vector field QE on E
∗ projecting over Q. Its curvature is simply Q2E . When
M is non negatively graded (NQ-manifold) we propose a natural definition of
torsion. The smooth case corresponds to the case where M = T [1]M , with M
a smooth manifold and Q = ddR the de Rham differential on forms. In Section
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3 we illustrate how these definitions coincide with the standard ones in the case
of Lie algebroids. In Section 4 we collect the basic needed facts about Courant
algebroids. In Section 5, after reviewing the graded geometrical description of
Courant algebroids, we work out the computations of curvature and torsion. By
constructions both have good restriction properties when we consider a Dirac
structure. The objects that we obtain are global sections of some sheaf but they
are not in a natural way sections of some vector bundle over M . By choosing
an arbitrary affine connection K on M , we can define the K-curvature and the
K-torsion that are sections of vector bundles. This allows the comparison with
other proposals made in a more standard language (see Section 6); it is important
to remark that they in general do not contain the full information encoded in
the true curvature and torsion. The last two sections are devoted to the study
of these tensors. In particular, in Section 7 we discuss the Ricci tensor and the
scalar curvature.
Notations and Conventions
In the paper we extensively use the notions of graded geometry; we follow the
approach of [11], see also the lectures [17]. Here we just fix the notations that
we are using. By graded manifoldM we mean a Z-graded sheaf of commutative
algebras over the smooth manifold M which is locally isomorphic to M(U) ≡
C∞(U) ⊗ SV , where U ⊂ M is an open, V is a graded vector space and SV is
the symmetric algebra of V . This local algebra is freely generated and we call
the set of coordinates on U and generators ofM(U) the coordinates over U . The
assignement of the generators to an open cover ofM is an atlas. A global function
on M is a global section of the sheaf and we denote with C(M) = ⊕kC
k(M)
the graded commutative algebra of global functions; a (global) vector field is a
derivation of C(M) and we denote with Vect(M) = ⊕kVect
k(M) the graded Lie
algebra of such derivations. For a vector bundle E over M we mean a graded
manifold E equipped with an atlas of coordinates {yA, sα} such that {yA} are
coordinates forM and sα transform linearly; we call these latter fibre coordinates.
The dual vector bundle E∗ is defined by the atlas {yA, sα} where sα transforms
with the inverse transposed transition functions. The space of sections of E is
defined as Γ(E) ≡ C(E∗)lin ⊂ C(E
∗), i.e. the space of global functions on E∗
which are linear in the fibre variables.
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2 Curvature and Torsion for NQ-manifolds
In differential geometry there are several equivalent ways to define connections
and torsion; among them there is one option mostly suitable to be generalized
to the world of graded geometry.
LetM be a smooth manifold and E →M be a vector bundle; a connection ∇
is a degree 1 derivation of the differential graded module Ω(M ;E) ≡ Γ(ΛT ∗M ⊗
E) over the differential graded algebra (dGA) (Ω(M),∧, d), i.e. ∇ satisfies
∇(ωσ) = dωσ + (−)|ω|ω∇(σ) ,
for each ω ∈ Ω(M) and σ ∈ Ω(M ;E). The curvature of ∇ is R∇ = ∇
2, a
Ω(M)-module morphism of degree 2.
When E = TM , then we can pick up the identity morphism id : TM → TM
and look at it as a section τ ∈ Γ(T ∗M⊗TM) ⊂ Ω(M ;TM) (in local coordinates
τ = dxµ ⊗ ∂µ). We define the torsion of ∇ as
T∇ = ∇(τ) ∈ Γ(Λ
2T ∗M ⊗ TM) ⊂ Ω(M ;TM). (1)
The way graded geometry rephrases the above construction is to consider the
NQ-manifold (M, d) = (T [1]M, d) whose dGA of global functions is (C(M), d) =
(Ω(M),∧, d). Let p : T [1]M → M be the bundle projection and let us consider
the vector bundle E ≡ p∗E → T [1]M , and its space of sections Γ(E) ≡ C(E∗)lin ⊂
C(E∗). By introducing a local trivialization of E we can realize the identification
Ω(M ;E) ≃ C(E∗)lin ⊂ C(E
∗) , (2)
of the space of sections Ω(M ;E) with the space of sections of E i.e., the space
of global functions on the dual vector bundle E∗ ≡ p∗E∗ → T [1]M which are
linear in the fibre variables. A connection ∇ on E as above is then the same as
the degree 1 vector field ∇ ∈ Vect1(E∗), preserving C(E∗)lin and projecting to
d under E → T [1]M (i.e. the restriction ∇|C(M) leaves invariant C(M) and it
equals d). The curvature is the degree 2 vector field
R∇ = ∇
2 = 1/2[∇,∇] ∈ Vect2(E∗) ,
preserving C(E∗)lin and vertical, i.e. projecting to the null vector field on M.
This is the way we express in graded geometry the tensorial property of the
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curvature, indeed the Leibniz rule R∇(ωσ) = R∇(ω)σ+ωR∇(σ) with verticality
R∇(ω) = 0, imply R∇(ωσ) = ωR∇(σ) for each ω ∈ Ω(M) and σ ∈ Ω(M ;E).
It is clear that the above definitions of connection and curvature apply to
any graded vector bundle E →M; moreover a connection on p∗E defines also a
connection on the shifted bundle p∗E[k] for any k ∈ Z.
In particular let us consider E = TM and E ≡ p∗E[1] = p∗T [1]M → T [1]M .
Under the identification (2) the section τ ∈ Γ(T ∗M⊗TM) ⊂ Ω(M ;TM) becomes
the tautological section τM ∈ C(E
∗)lin so that the torsion is
T∇ = ∇(τM) ∈ Γ(E) = C(E
∗)lin .
The shifting of degree is here inessential and simply assigns degree 0 to τM but
it is the natural choice when we consider the general case.
Let us introduce local coordinates {xµ, ψµ} on T [1]M , respectively of degree
(0, 1). Let E → M be a vector bundle, {sα} fiber coordinates of E → M and
{sα} fiber coordinates of E
∗ →M. In local coordinates a connection on E then
reads
∇ = ψµ
∂
∂xµ
+ Γµ
α
β ψ
µsα
∂
∂sβ
. (3)
Let now E = p∗T [1]M ; in this case we denote the fibre coordinates of degree 1
as sµ, so that the fibre coordinates on E∗ are sµ of degree −1. The tautological
section is the degree zero section
τM = ψ
ρsρ ∈ Γ(E) = C(E
∗)lin (4)
that is indeed the image of τ = dxρ ⊗ ∂ρ ∈ Ω(M ;TE) under the identification
(2). The torsion reads
T∇ = ∇(τM) = Γµ
σ
ρ ψ
µψρsσ .
We are now ready to discuss the general case. Let M be a Q manifold, i.e.
a graded manifold with a degree 1 cohomological vector field Q ∈ Vect(M)1
satisfying Q2 = 1/2[Q,Q] = 0. Let E → M be a vector bundle; we denote with
C(E∗)lin ⊂ C(E
∗) the subspace of global functions on the dual vector bundle E∗
that are linear in the fibre variables and we call it the space Γ(E) of sections of
E .
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Definition 2.1. A Q-connection on E → M is a degree 1 vector field QE ∈
Vect1(E∗) satisfying the following conditions
- QE preserves Γ(E);
- QE projects to Q.
Remark 2.2. A Q-connection on (M, Q) is not a superconnection for the un-
derlying supermanifoldM ([19]). Indeed, a superconnection is a rather straight-
forward adaptation of the smooth case and takes value in (Ω(M), d) rather than
in (C(M), Q): it is a recipe to perform derivatives of sections in the directions of
vector fields onM. For a Q-connection, the notion of covariant derivative in the
direction of a vector field of M is not a canonical operation since there is not in
general a canonical lift of a vector field of M to a vector field of E∗. Of course,
given a superconnection D on the bundle E we can always define a Q-connection
as QE = DQ
For simplicity, in the rest of the paper we will drop the suffix Q and just refer
to QE in (2.1) as a connection on E .
Definition 2.3. The curvature of a connection QE on E → M is the degree 2
vector field RQE = Q
2
E = 1/2[QE , QE ] ∈ Vect
2(E∗).
As a consequence of Definition 2.1, RQE is a vertical vector field, or equiva-
lently, it is C(M)-linear.
If the curvature of the Q connection is zero, then in the literature (E , QE) is
known as a Q-bundle or a dg-vector bundle, which is a bundle in the category of
Q-manifolds (see [18, 20, 21]).
Let us now consider a sub-bundle V ⊂ E over M, i.e. a graded embedding
I : V → E respecting the linear structure; the dual map I∗ : E∗ → V∗ is a
projection between the dual vector bundles.
Definition 2.4. We say that a connection QE on E restricts to a connection
QE |Γ(V) on V if the degree 1 vector field QE ∈ Vect(E
∗)1 is projectable along
I∗ : E∗ → V∗ to a vector field on V∗.
Remark 2.5. It is useful to check that the above restriction property is the
obvious one when applied to the case of a Q-connection for bundles over T [1]M ,
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for M smooth manifold. Let F → E be an injection of vector bundles over M
and let∇ be a connection on E. Let I : V = p∗F → E = p∗E denote the injection
morphism with respect to pull-back bundles along p : T [1]M → M and let us
suppose that the Q-connection ∇ on E restricts to V according to definition 2.4.
The corresponding map I∗ : E∗ → V∗ can be expressed as sa = Iaαs
α, where {sα}
and {sa} are fibre coordinates for p∗E∗ and p∗F ∗ respectively. By using (3), we
compute
∇sa = ψµ(∂µI
a
αs
α + Γαµβs
β) = ψµΓ˜aµbs
b
where the second equality is true for some Γ˜aµb since ∇ is projectable along I
∗. It
is easy now to realize that this condition states that ∇ restricts to the connection
on F defined by the coefficients Γ˜aµb.
Let now assume that the Q manifold M is non negatively graded, i.e. all
coordinates have non negative degree. We say that M is a NQ manifold. We
denote withM ⊂M the body ofM. Let n be the degree ofM, i.e. the maximal
degree that coordinates of M can assume. It is a standard fact (see [24]) that
there exists the following nested fibration of graded manifolds
M =Mn →Mn−1 → . . .M1 →M0 ≡M, (5)
where pj : Mj → Mj−1 is defined by forgetting all coordinates of degree j
(injecting the sheaf of Mj−1 in that of Mj). In particular, p1 : M1 → M is a
vector bundle. If we denote by p :M→M the composition of all the above maps
we can consider the vector bundle p∗M1 →M, and the dual one p
∗M∗1 →M.
Let us introduce coordinates {xµ, ψα, . . .} of degree {0, 1, . . .} onM. The fibre
coordinates of M∗1 → M0, dual to the fibre coordinates {ψ
α} of M1 → M0,
are denoted as {ψα} with degree −1, their pull back to fibre coordinates of the
vector bundle p∗M1 →M are denoted by sα = p
∗(ψα), the tautological section
τM ∈ Γ(p
∗M1) = C(p
∗M∗1)lin in these local coordinates reads
τM = ψ
αsα . (6)
Definition 2.6. Let QE be a connection on p
∗M1 →M. The torsion of QE is
the degree 1 section
TQE = QE(τM) ∈ Γ(p
∗M1) ,
where τM is the tautological section defined in (6).
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Remark 2.7. It is clear that ifM = T [1]M , the degree ofM is 1 so the vector
bundle M1 coincides with T [1]M itself and the definition of torsion given in 2.6
is the usual one spelled out in 4.
3 Lie Algebroid connections
We compare here the usual notion of algebroid connections, curvature and tor-
sion with the graded geometrical description given in the previous Section.
Let A be a Lie algebroid on M with anchor ρ : A → TM and Lie bracket
on Γ(A) denoted as [ , ]. We introduce local coordinates {xµ} on M and a local
trivialization {eα} on A, so that
ρ(eα) = ρ
µ
α∂µ , [eα, eβ] = f
γ
αβeγ .
Let E →M be a vector bundle. A Lie algebroid connection on E is a linear map
∇ : Γ(Λ•A∗ ⊗ E)→ Γ(Λ•+1A∗ ⊗ E) satisfying the Leibniz rule
∇(fσ) = dA(f)σ + (−)
deg ff∇(σ) (7)
for every f ∈ Γ(Λ•A∗) and σ ∈ Γ(Λ•A∗ ⊗ E), where dA is the algebroid differ-
ential. For every section a ∈ Γ(A) and σ ∈ Γ(Λ•A∗ ⊗ E), using the contraction
or inner derivativeιa : Γ(Λ
•A∗ ⊗ E) → Γ(Λ•A∗−1 ⊗ E), we define the covariant
derivative ∇a(σ) = (ιa∇+∇ιa)(σ); in particular ∇a = ιa∇ on Γ(E).
The curvature of the connection is defined as F∇ = ∇
2. Since, as a conse-
quence of (7), ∇2 is Γ(ΛA∗)-linear, then F∇ is seen as a section of Λ
2A∗⊗EndE.
If F∇ = 0 then (E,∇) is said to be a representation of the algebroid A.
Use of the identity ιa∇b −∇bιa = ι[a,b] (or a standard calculation using local
trivializations) shows that
F∇(a, a
′) := ιa′ιa(F∇) = [∇a,∇a′ ]−∇[a,a′] , (8)
where [ , ] denotes the Lie algebra bracket on Γ(A). Finally let ∇ be a connection
on E = A itself; the torsion of ∇ is T∇ ∈ Γ(Λ
2A∗ ⊗ A) defined as T∇ = ∇(τA),
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where τA ∈ Γ(A
∗⊗A) is the identity section: for all a ∈ A, ιaτA = a. A standard
calculation here too shows that, for a, a′ ∈ Γ(A),
T∇(a, a
′) := ιa′ιa(T∇) = ∇a(a
′)−∇a′(a)− [a, a
′] . (9)
Using a local frame {eα} of A and its dual {e
α} of A∗, the tautological section
reads τA = e
α ⊗ eα and the torsion reads
T∇ = ∇(τA) = (
1
2
fαβγ + Γγβ
α )eβ ∧ eγ ⊗ eα. (10)
where the connection coefficients are defined as
∇ηe
γ = Γαβ
γ ηαeβ , (11)
with η ∈ Γ(A).
Let us switch now to the NQ-manifold description. Let (A[1], dA) be the
NQ-manifold encoding the Lie algebroid structure. Indeed, the global functions
C(A[1]) = Γ(ΛA∗) are a dGA with the algebroid differential dA seen as a degree
1 vector field that squares to 0. If {xµ, ξα} are the local coordinates of degree
(0, 1) for A[1] the differential reads
dA = ρ
µ
αξ
α ∂
∂xµ
+
1
2
fαβγξ
βξγ
∂
∂ξα
.
Let E → A[1] be a vector bundle over A[1]. Let QE be a connection on E
according to Definition 2.1 and let F (QE) = Q
2
E be the curvature of QE according
to Definition 2.3. If Q2E = 0 then (E , QE) is said to be a representation of the NQ-
manifold (A[1], dA) (see [25] where it is called a module over the Lie algebroid).
If {si} are the fibre coordinates for E∗ then
QE = dA + Γi
jsi
∂
∂sj
(12)
where Γi
j is a function of {xµ, ξα}. Since QE is of degree 1, then deg Γi
j =
1 − deg si + deg sj . The sections Γ(E) are by definition the functions C(E∗)lin
linear in the fibre coordinates. By construction QE preserves Γ(E) and projects
to dA.
Let us now relate the two definitions of connection and of algebroid/NQ-
manifold representation in the case E = p∗E, where p : A → M is the bundle
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projection. Let {σi} be a local frame (trivialization) of E and si = p∗(σi)
the corresponding local fiber coordinates of E∗. Since deg Γi
j = 1 we have
Γi
j = Γαi
jξα that can be seen as the connection coefficients of an algebroid
connection on E.
Remark 3.1. The notion of representation of NQ-manifold (A[1], dA) given
above is an important extension of the notion of algebroid representation. Indeed,
when the vector bundle E is not concentrated in degree 0 it corresponds to the
concept of representation up to homotopy, introduced in [22]. For example, the
case E = T ∗[2]A[1] with QE the cotangent lift of dA is the so called coadjoint
representation, that does not exist in general as an ordinary representation.
We finally describe the graded geometric construction of the torsion (9). Since
A[1] is of degree 1 thenM1 = A[1] itself; let E = p
∗A[1] where p : A[1]→M and
let us consider the tautological section τ ∈ Γ(p∗A[1]) = C(p∗A∗[−1])lin given by
τ = ξαsα. Let QE be a connection on E ; the computation of the torsion according
to Definition 2.6 is exactly the one that leads to (10).
4 Connections on Courant algebroids
We discuss in this section the case of the exact Courant algebroid and its graded
geometric interpretation. We refer to [11] for a general introduction. We recall
that the Dorfman bracket is defined on sections of the vector bundle TM =
(T ⊕ T ∗)M as
[[X + ξ, Y + ν]]H = LX(Y + ν)− ιY dξ + ιY ιXH . (13)
where H is a closed three-form. The de Rham cohomology [H ] ∈ H3(M,R) is
called the Sˇevera class of the Courant algebroid. The bundle TM is endowed
with the natural symmetric pairing 〈X + ξ, Y + ν〉 = ν(X) + ξ(Y ); the anchor
map ρ : TM → TM is the projection to TM . The bracket (13) fails to be a Lie
algebra bracket since it is not skew-symmetric; this failure is measured by
[[a, a]] =
1
2
ρ∗d〈a, a〉
for each a ∈ Γ(TM).
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A Dirac structure is a maximally isotropic subbundle L ⊂ TM that is in-
volutive with respect to the Courant bracket; isotropy of L implies that the
inherited bracket is skew-symmetric so that it is a Lie algebroid. We denote with
ρT ∗ : L → T
∗M the composition of the embedding of L into TM with the pro-
jection to T ∗M ; thanks to isotropy of L, πL = ρ
∗
T ∗ ◦ρ : L→ L
∗ is antisymmetric,
i.e. πL ∈ Γ(Λ
2L∗). Since L is involutive then dL(πL) = 0.
Let E →M be a vector bundle. According to [2] a generalized connection is
a first order linear differential operator D : Γ(E)→ Γ(TM ⊗ E) such that
D(fσ) = fDσ + (ρ∗df)⊗ σ , (14)
for f ∈ C∞(M) and σ ∈ Γ(E). We denote Da = ιaD for a ∈ Γ(TM). It is
easy to check that D = ∇ + V where ∇ is an ordinary connection on E and
V ∈ Γ(TM ⊗ EndE). The curvature operator RD is defined as
RD(a, b) = [Da, Db]−D[[a,b]]sk (15)
for each a, b ∈ Γ(TM) and [[a, b]]sk =
1
2
([[a, b]] − [[b, a]]). Since the bracket
(13) is not skewsymmetric, RD(a, b) is not tensorial in a, b, indeed, RD(fa, b) =
f RD(a, b)+ 〈a, b〉df for a, b ∈ Γ(TM) and f ∈ C
∞(M). Note that the restriction
of RD to a Dirac structure L is tensorial, since 〈a, b〉 vanishes if a, b ∈ Γ(L). In
fact if D preserves L, the restriction of D to L is an algebroid connection with
curvature the restriction of RD.
It is common in the literature (see e.g. [4]) to demand compatibility with the
bilinear symmetric pairing of a Courant algebroid connection D, i.e.
ρ(a)(〈b, c〉) = 〈Dab, c〉+ 〈b,Dac〉 , a, b, c ∈ Γ(E) . (16)
We will not assume this condition so far but it will be needed in section 7.
Let us choose E = TM and let D be a generalized connection on TM . In [2]
the torsion TD ∈ Γ(Λ
2
TM ⊗ TM) of D is defined by
TD(a, b, c) = 〈Dab−Dba− [[a, b]]sk, c〉+
1
2
(〈Dca, b〉 − 〈Dcb, a〉) (17)
where a, b, c ∈ Γ(TM) . Even when D preserves a Dirac structure L, i.e. Dab ∈
Γ(L) for a, b ∈ Γ(L), TD does not restrict in general to the Lie algebroid torsion
for L defined in (9). Compared with the notion of curvature operator (15), that
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is tensorial only when restricted to a Dirac structure, the torsion (17) is tensorial
on the whole Courant algebroid.
Finally, a generalized Riemannian metric on M is an orthogonal, self-adjoint
bundle map h ∈ End(TM) with the property that 〈h(a), a〉, a ∈ Γ(TM) is pos-
itive definite [23]. This means that h2 = id and thus it gives rise to ±1 eigen-
bundles of TM . It is well-known ([23]) that the positive eigenbundle can be
expressed as the graph of the sum of a metric g and a two-form B on M ; it is
customary to represent it via the symmetric bilinear form G(a, b) := 〈h(a), b〉 on
TM given by the symmetric matrix
G =
(
g − B g−1B B g−1
−g−1B g−1
)
. (18)
We will use this explicit form of a generalized Riemannian metric in section 7 to
define and compute the generalized Ricci curvature.
5 Graded geometry of Courant Algebroids
From [11] we know that the structure of a Courant algebroid can be encoded
in the data of a 2-symplectic NQ manifold. In the case of an exact Courant
algebroid, the construction goes as follows. Let us consider the NQ manifold
(M = T ∗[2]T [1]M, dM). Indeed, if (x
µ, ψµ, bµ, pµ) are the local coordinates of
degree (0, 1, 1, 2), respectively, then dM is the degree 1 cohomological vector field
defined as
dM = ψ
µ ∂
∂xµ
+
(
pµ +
1
2
Hµνρψ
νψρ
) ∂
∂bµ
−
1
3!
∂κHµνρψ
µψνψρ
∂
∂pκ
.
Moreover M is canonically 2-symplectic, with symplectic form given by ω =
dxµdpµ+dψ
µdbµ so that dM is hamiltonian with hamiltonian Θ ∈ C
3(M) defined
by
Θ = ψµpµ +
1
3!
Hµνρψ
µψνψρ ,
that satisfies {Θ,Θ} = 0 if and only if dH = 0. The transformation of coordinates
can be easily easily checked to be the following ones: under a coordinate change
inM , x′µ = ϕµ(x), we have ψ′ = Jψ and b′ = J−1
T
b with matrix J = (∂ϕµ/∂xν),
while p′ = J−1
T
p− J−1
T
dJTJ−1
T
b with dJ = ∂µJ ψ
µ.
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Let E →M be a graded vector bundle over M and let us consider a connec-
tion QE on E as in Definition 2.1. Let {sα} be the local fibre coordinates of E
∗;
we then have that
QE = dM +Υ
α
βsα
∂
∂sβ
. (19)
The curvature RQE of the connection QE is, as in Definition 2.3, the vertical
vector field Q2E = 1/2[QE , QE ]. An explicit computation shows that
RQE = (dMΥ
α
β + (−)
|sα|+|sβ |ΥαγΥ
γ
β)sα
∂
∂sβ
. (20)
We now discuss the special case E = p∗E[k], for k ∈ Z, where p :M→M is
defined by p(xµ, ψµ, bµ, pµ) = x
µ and E → M is a vector bundle on M . In this
case the fibre coordinates sα have degree k and |Υαβ| = 1 so that we can expand
Υαβ = Γ
α
β + V
α
β = Γµ
α
β ψ
µ + V µαβ bµ . (21)
By looking at the transformation properties of {Υαβ} in (19), one checks that
Γµ
α
β are the connection coefficients of a connection ∇
Γ on E and V µαβ the
components of a tensor V ∈ Γ(TM ⊗EndE). In particular this is the same data
defining a generalized connection D = ∇Γ + V as in (14).
After a straightforward computation the curvature reads
(RQE )
α
β = (∂µΓν
α
β + Γµ
α
γΓν
γ
β +
1
2
Hρµν V
ρα
β)ψ
µψν + (∂µV
να
β + V
νγ
βΓµ
α
γ
−Γµ
γ
βV
να
γ)ψ
µbν − V
µα
γV
νγ
β bµbν + V
µα
β pµ . (22)
Therefore we finally obtain the following formula for the curvature
RQE = R∇ + V V +R
(1,1)
QE
, (23)
where R∇ is the curvature of the connection ∇
Γ and
(R
(1,1)
QE
)αβ = (∂µV
να
β + V
νγ
βΓµ
α
γ − Γµ
γ
βV
να
γ)ψ
µbν + V
µα
β pµ . (24)
The term R
(1,1)
QE
is not a section of a vector bundle onM due to the transformation
properties of the coordinates pµ. We remark that p
∗E is a Q-bundle if and only
if V = 0 and ∇ is a flat connection.
We now discuss the torsion. The degree of T ∗[2]T [1]M is 2 and the fibration
of graded manifolds described in (5) in this case reads
T ∗[2]T [1]M → T[1]M →M ,
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so that M1 → M is T[1]M → M . Let us consider then a connection QE on
E ≡ p∗M1; it encodes a generalized connection D = ∇ + V where ∇ is a
connection on TM and V ∈ Γ(T ∗M ⊗End(TM)). Let us introduce the fibrewise
coordinates {sµ, sµ} of degree −1 of E
∗; the tautological section is then
τM = ψ
µsµ + bµs
µ ∈ Γ(E) ⊂ C(E∗) .
As in Definition 2.6, the torsion of QE is then given by
TQE = QE(τM) .
A straightforward computation, see appendix A for details on the conventions
and the result in components, shows that
TQE = T∇ + TV + T
(1,1)
QE
(25)
where T
(1,1)
QE
∈ Γ(E), given in (53), is not a section of a vector bundle on M ,
rather it is a global section of the sheaf E∗ on M . On the other hand TV ∈
Γ(Λ2TM ⊗ TM), and is defined, for all ν, λ ∈ Γ(T ∗M), as
〈TV , ν ∧ λ〉 = Vνλ− Vλν , (26)
and T∇ ∈ Γ(Λ
2T ∗M ⊗ TM) is defined for all X, Y ∈ Γ(TM) as
〈T∇, X ∧ Y 〉 = ∇XY −∇YX − [X, Y ] . (27)
In order to analyze this latter expression we decompose the connection ∇ on
TM , entering D = ∇Γ + V as follows
∇Γ =
(
∇TT ∇TT
∗
∇T
∗T ∇T
∗T ∗
)
, (28)
where ∇TT and ∇T
∗T ∗ are connections on TM and T ∗M , while ∇TT
∗
∈ Γ(T ∗M⊗
Mor(T ∗M,TM)) and ∇T
∗T ∈ Γ(T ∗M ⊗Mor(TM, T ∗M)). Then we have
T∇ = T∇TT + T∇T∗T , (29)
where T∇TT is the torsion of the connection on TM , while T∇T∗T ∈ Γ(Λ
2T ∗M ⊗
T ∗M) is defined by
〈T∇T∗T , X ∧ Y 〉 = ∇
T ∗T
X Y −∇
T ∗T
Y X +H(X, Y, ·) . (30)
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5.1 K-curvature and K-torsion
The curvature and torsion that we computed above in (23) and (25) are global
objects but are not sections of some vector bundle over M . Namely, M is not a
graded vector bundle over M and so the global functions C(M) are not sections
of any vector bundle in a canonical way. This is a direct consequence of the
nature of the geometry encoded in the Courant algebroid. Nevertheless, M can
be made a graded vector bundle over M in a non canonical way by introducing
an auxiliary affine connection ∇K on M that provides the following splitting
T ∗[2]T [1]M ≃ T [1]M ⊕ T ∗[1]M ⊕ T ∗[2]M . (31)
By using this identification we will be able to express all geometrical objects in a
more friendly form at the cost of introducing an auxiliary object. We are going
to discuss here this point of view since it will be useful for later comparison with
the other approaches in literature.
The splitting (31) can be seen as the following change of variables in M: let
Kν
ρ
µ denote the connection coefficients of ∇
K , we then define
p˜ = p+KT b i.e. p˜µ = pµ +Kν
ρ
µψ
νbρ . (32)
It is easy to see that p˜µ transforms as a tensor on M , p˜
′ = J−1
T
p˜ ; (indeed
K ′ = JKJ−1 − JdJ−1, with matrix K = (Kρσ), with K
ρ
σ = Kν
ρ
σψ
ν). We can
now express curvature and torsion in the new variables (xµ, ψµ, bµ, p˜
µ).
The term R
(1,1)
QE
in (23) can now be read as the sum of two tensors, namely
(R
(1,1)
QE
)αβ = (∂µV
να
β + V
νγ
βΓµ
α
γ − Γµ
γ
βV
να
γ − V
ρα
βKµ
ν
ρ)ψ
µbν + V
µα
β p˜µ
= ∇ΓKµ V
να
βψ
µbν + V
µα
β p˜µ . (33)
The first addend of (33) is ∇ΓK(V ) ∈ Γ(T ∗M ⊗ TM ⊗ End(E)), the covariant
derivative of V with respect to the connection ∇ΓK on the tensor product bundle
TM ⊗ End(E).
We define the K-curvature tensor of the generalized connection D = ∇Γ+ V
on E the following tensor
RKD = R∇ + V ∧ V +∇
ΓK(V ) ∈ Γ(Λ2TM ⊗ EndE) (34)
so that
RQE = R
K
D + V
µp˜µ. (35)
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We can analogously proceed with the torsion computed in (25). The non
tensorial term in (25) is T
(1,1)
QE
, that, after the change of variables, can be written
as
T
(1,1)
QE
= T
(1,1)K
∇,V + p˜µs
µ
where T
(1,1)K
∇,V ∈ Γ(TM ⊗ T
∗M ⊗ TM) is defined as
T
(1,1)K
∇,V (X, ν) = ∇X(ν)−∇
K
X(ν)− Vν(X) , (36)
where X ∈ Γ(TM) and ν ∈ Γ(T ∗M). We finally define the K-torsion tensor of
the generalized connection D = ∇Γ + V on TM as
TKD = T∇ + TV + T
(1,1)K
∇,V ∈ Γ(Λ
2
TM ⊗ TM) (37)
so that
TQE = T
K
D + p˜µs
µ. (38)
Remark 5.1. The K-curvature and torsion above can be introduced in the
following equivalent way, by using contraction operators. We recall that the
contraction operator ιv along v ∈ Γ(TM) acting on forms is seen as a vector field
ιv ∈ V ect(T [1]M); given any vector bundle E, ιv lifts canonically to a vector
field on p∗E∗, preserving Γ(E × ΛT ∗M) seen as the linear functions C(p∗E∗)lin.
In the case of a graded vector bundle E over M, we first observe that every
vector field v ∈ V ect(M) that has zero component in the direction ∂/∂xµ can
be lifted to E . We will be interested in vector fields defined from sections of the
generalized tangent bundle TM . Indeed for every a = aµ∂µ + aµdx
µ ∈ Γ(TM)
we can define the K dependent contraction vector field ιKa ∈ V ect(M) as
ιKa = a
µ(
∂
∂ψµ
+Kµ
ρ
νbρ
∂
∂pν
) + aµ(
∂
∂bµ
−Kρ
µ
νψ
ρ ∂
∂pν
) . (39)
The correction depending on the connection coefficients Kρ
µ
ν is needed in order
to define a global vector field ofM, again as a consequence of the transformation
properties (32) of pµ. It is now easy to see that for every a, b ∈ Γ(TM) we have
RKD (a, b) = [ι
K
b , [ι
K
a , RQE ]] , T
K
D (a, b) = ι
K
b ι
K
a TQE .
It is clear that the rationale of the above formula is that RQE is a vector field.
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5.2 Dirac structures
Let L ⊂ TM be a Dirac structure. In the graded language, this is equivalently
described as a dM-invariant lagrangian submanifold LL ⊂M. See the Appendix
B for an explicit description. By construction QE restricts to a vector field of
E∗|LL and gives rise to a connection on E|LL over the NQ-manifold (L[1], dL)
associated to the Lie algebroid L. Its curvature is the restricted curvature of QE .
Let us discuss now torsion. We have that p∗L[1] is a subbundle of p∗T[1]M |LL
and it is not difficult to realize that τM|LL coincides with τL[1] under this identi-
fication. Let us suppose now that QE restricts to a connection QL[1] on p
∗L[1] as
in Definition 2.4; as a consequence, TQE |LL = TQL[1] .
On the other hand, the K-curvature and K-torsion do not automatically
restrict to the curvature and torsion of QL[1] due to the terms proportional to
the coordinate pµ measuring the difference with the full curvature and torsion in
(35) and (38). We are going to discuss the compatibility conditions between K
and L that make these terms vanish so that the K-tensors coincide with the full
curvature and torsion. Using (57), we get
p˜µ|LL =
1
2
(
φµAB +Kν
κ
µ ρ
ν
AρκB −Kν
κ
µ ρ
ν
BρκA
)
λAλB =
1
2
φKLµABλ
AλB . (40)
The compatibility is then controlled by the tensor φKL ∈ Γ(Λ2L∗⊗T ∗M) above;
in the next section we will give an intrinsic definition of φKL.
Then it is clear that the restriction to L of the K-curvature of the general-
ized connection D = ∇ + V is the full curvature if and only if V µp˜µ|LL = 0,
which means 〈V, φKL〉 = V µφKLµ = 0. In the case of an L-preserving generalized
connection on TM , the K-torsion restricts to the algebroid torsion if and only if
φKL = 0.
Remark 5.2. It is interesting to notice that the tensor φLK controls the conditions
that allow the contraction vector field ιKa defined in (39) to restrict to a vector
field on LL for each a ∈ Γ(L). Due to maximality of LL, it is sufficient to impose
the following
ω
(
φ∗
∂
∂λA
, ιKa
)
= 0 , ω
(
φ∗
∂
∂yµ
, ιKa
)
= 0 , (41)
where φ∗ denotes the push forward by the embedding map φ : LL →֒ M as in
Appendix B. The first condition in (41) reads
0 = ρµAaµ + ρµAa
µ ,
On Curvature and Torsion in Courant Algebroids 19
and is implied by isotropy of L. Using this in the second condition of (41), we
arrive at
φµAB + ρ
ν
AKν
κ
µ ρκB − ρνAKκ
ν
µ ρ
κ
B = 0 ,
which means φKL = 0 by (40).
Finally we discuss two examples of Dirac structures, the tangent bundle and
the graph of a Poisson tensor:
Example 5.3. Let L = TM so that LL is defined by pµ = bµ = 0 and is
isomorphic to (T [1]M, ddR). It is then clear that φ
L
K = 0 for every K.
Example 5.4. Let L = graphπ, where π is a Poisson tensor onM ; LL is defined
by ψµ = πµνbν and pµ = −
1
2
∂µπ
νσbνbσ and is isomorphic to (T
∗[1]M, dpi). Here
dpi is the Poisson-Liechnerowicz differential. Indeed, equation (57) of Appendix
B in this case reads φµ
νρ = −∂µπ
νρ. Finally the vanishing of φKL gives ∇Kπ = 0,
i.e. the Poisson tensor is preserved by the connection ∇K .
6 Comparison with naive torsion and curvature
In the previous section we introduced the K-curvature in (34) and the K-torsion
in (37) of a generalized connection D of the exact Courant algebroid. From that
derivation it must be clear that the role of the auxiliary connection ∇K entering
the definitions of the tensors is completely arbitrary. Moreover, the K-curvature
(or torsion) is not the full curvature (or torsion) but the missing terms can be
ignored only for certain purposes and under strict conditions, as the discussion
of Dirac structures in the previous section shows. Nevertheless, these K-tensors
are useful objects and can be used for comparison with other structures that
have been studied in the literature. This is what we are going to discuss in this
section.
We recall that for Lie algebroids, e.g. Dirac structures in Courant algebroids,
torsion and curvature are well defined objects and have the same definition as in
standard Riemannian geometry. However, for Courant algebroids these defini-
tions do not give tensors any more due to the properties of the Courant bracket.
We call them naive to emphasize this, i.e. the naive curvature is the curvature
operator RD defined in (15) and we define the naive torsion operator by
TD(a, b) := Dab−Dba− [[a, b]] , a, b ∈ Γ(TM) . (42)
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In the case of torsion, the tensor TD defined in (17) is widely used in the
literature.
The following proposition compares the naive curvature (15) with the tenso-
rial K-curvature RK defined in (34). We recall that K is an affine connection
entering the definition of RK and E a vector bundle over M .
Proposition 6.1. Let D = ∇+V be a Courant algebroid connection on E. The
curvature RK reads
RKD (a, b) = RD(a, b) + VK˜(a,b) , (43)
where
K˜(X + ξ, Y + η) = [[X + ξ, Y + η]]Hsk − [X, Y ] +∇
K
Y (ξ)−∇
K
X(η) . (44)
The proof is a long but straightforward calculation done by expanding RD(a, b)
and comparison with (34). We remark that in case D is an ordinary connection,
i.e. for vanishing V , RK equals the standard D-curvature. In general RD is not
a tensor and VK˜(a,b) has the right transformation properties that combine with
those of RD in order to ensure the tensoriality of RK . We now turn to the torsion.
Proposition 6.2. Let D = ∇ + V be a Courant algebroid connection on TM .
The K-torsion is then computed as
TKD (a, b) = TD(a, b) + K˜(a, b) . (45)
where TD is the operator defined in (42) and K˜ in (44).
Furthermore we observe that the K˜ defined in (44) measures the deviation
of the K-curvature and torsion from the naive definition. In particular, given
a Dirac structure L that is preserved by D, since both the restricted curvature
and the torsion coincide with the corresponding algebroid curvature and torsion,
the K-curvature and K-torsion coincide with the naive ones if and only if the
obstructions discussed in subsection 5.2 vanish. Indeed, one directly checks that
K˜(a, b)|L, written in components along the basis eA = ρ
µ
A∂µ + ρAµdx
µ leads to
K˜(eA, eB) =
(1
2
(
ρµA∂νρT ∗ µB + ∂ν(ρ
µ
B)ρT ∗ µA − A↔ B
)
+ ρµAKµ
κ
ν ρT ∗ κB − ρ
µ
BKµ
κ
ν ρT ∗ κA
)
dxν , (46)
which is precisely (40). We then have that, the tensor φLK ∈ Γ(Λ
2L∗ ⊗ T ∗M)
whose local expression is given in (40) reads for each a, b ∈ Γ(L)
φLK(a, b) = K˜(a, b) = ρT ∗([a, b]) +∇
K
ρ(b)(ρT ∗(a))−∇
K
ρ(a)(ρT ∗(b)) . (47)
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7 Ricci tensor and scalar curvature
In order to extract the tensorial objects out of the curvature RQE and torsion TQE
of a connection QE we introduced anarbitrary affine connection K. To control
this arbitrariness, there are two possible meanigful approaches: considering K-
invariant geometrical quantities or identifying conditions that lead to a canonical
choice of K. We have seen for instance the conditions on K under which K-
curvature and K-torsion properly restrict to Dirac structures.
In this section we study the dependence of Ricci tensor and scalar curvature
on the choice of the auxiliary connection K. This also allows a useful comparison
with the physics literature. We will compute the Ricci curvature as the appro-
priate trace of the K-curvature and the scalar curvature as contraction of the
Ricci tensor with a generalized metric. For alternative approaches to Ricci and
scalar curvature we refer to [5, 27]
Let us recall the standard definition of Ricci tensor first. For a Riemannian
manifold (M, g) with metric g ∈ Γ(S2T ∗M) and a trivialization given by local
sections eµ ∈ Γ(TM) with dual e
µ, the components of the Ricci tensor Ric =
Ricµνe
µ ⊗ eν and scalar curvature Scal ∈ C∞(M) are given by
Ricµν = 〈e
σ, R(eσ, eµ)(eν)〉 , Scal = g
µνRicµν , (48)
where R(eµ, eν) denotes the standard Riemann curvature and 〈·, ·〉 is the eval-
uation of forms on vectors. We repeat this construction for the K-curvature
RKD of a generalized connection D = ∇ + V on TM . Denote by Eα the lo-
cal basis (eµ, e
µ) of sections of TM , and let Eα denote the dual basis with re-
spect to the canonical pairing 〈·, ·〉 in TM . We define RicK ∈ Γ(TM ⊗ TM) as
RicKαβ = 〈E
γ, RKD(Eγ, Eα)(Eβ)〉. Finally, contracting with a generalized metric
G ∈ Γ(S2(TM)) of the form (18) gives the scalar curvature ScalK = GαβRicKαβ .
Observing that Eα is identified by (eµ, eµ), i.e. the index
α has contributions ν
and ν , the result consists of four parts
ScalK = RicKµνGµν + Ric
Kµ
νG
ν
µ + Ric
Kν
µG
µ
ν + Ric
K
µνG
µν , (49)
where G has the index structures corresponding to the block matrix form (18).
For convenience of the reader we write here the local coordinate expression of
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the K-curvature that can be obtained from (22), (33) together with (35)
RK
α
β =(∂µΓν
α
β + Γµ
α
γΓν
γ
β +
1
2
Hρµν V
ρα
β)ψ
µψν − V µαγV
νγ
β bµbν
+ (∂µV
να
β + V
νγ
βΓµ
α
γ − Γµ
γ
βV
να
γ − V
κα
β Kµ
ν
κ)ψ
µbν .
In order to compare the resulting expression for the scalar curvature with the
literature, we have to make assumptions on the connection components V µαβ
and Γµ
α
β. We use the notation introduced in Appendix A.
We impose that the K-torsion of D vanishes. This fixes the connection K in
the following way:
Kµ
ν
ρ = Γ˜µρ
ν − V νρµ .
We further impose the connection D to be compatible with the canonical pairing
according to (16). As a consequence, ∇TT is a torsion-free connection on TM
whose dual (∇TT )∗ is identified with ∇T
∗T ∗ . The connection component ∇T
∗T is
seen to be an element of Γ(T ∗M ⊗∧2T ∗M), whose totally antisymmetric part is
identified with the three form H . We call γ the remaining undetermined tensor,
i.e. γ has components Γµνρ, symmetric in (µ, ρ) and antisymmetric in (ν, ρ).
Furthermore, V TT
∗
is shown to be in Γ(TM ⊗∧2TM) and symmetric in the first
and third entry. It is easy to see that all other connection components vanish
with the only exception of V T
∗T ∈ Γ(TM ⊗ ∧2T ∗M). Hence, the connection D
takes the simple form:
D = ∇+ V =
(
∇TT 0
1
2
H + γ (∇TT )∗
)
+
(
0 V TT
∗
V T
∗T 0
)
. (50)
With (50), the scalar curvature takes the form
Scal(D) = Scal(g,∇TT ) +Gµν(∇ρV
µρν + V σσρV
µρν)
−Gµν(∇µV
σ
σν + V
σ
ρµV
ρ
σν) . (51)
We denoted by Scal(g,∇TT ) the combination
Scal(g,∇TT ) = Gµν(∂ρΓµ
ρ
ν − ∂µΓρ
ρ
ν + Γρ
ρ
σΓµ
σ
ν − Γµ
ρ
σΓρ
σ
ν) ,
and we notice Gµν = gµν from (18). The expression (51) can be used as a starting
point to compare with the literature e.g. in string theory. We remark that to
further constrain V , metricity of the connection might play a role. This needs a
full understanding of the notion of generalized metric in graded geometry which
we leave for a future publication.
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A Generalized connection on T[1]M and torsion
components
In this appendix we collect our conventions on the component form of a general-
ized connection on E = T[1]M which are used in the main text, in particular in
section 5 for the torsion. A generalized connection D is split into two parts, one
along a vector field and another along a one form. More precisely, D = ∇ + V
where
∇ =
(
∇TT ∇TT
∗
∇T
∗T ∇T
∗T ∗
)
,
where ∇TT and ∇T
∗T ∗ are the connections on TM and T ∗M defined by the
coefficients1 Γµ
ν
ρ ≡ Γµ
sν
sρ and Γ˜µν
ρ ≡ Γµ
sν
sρ , respectively, while ∇
TT ∗ ∈
Γ(T ∗M ⊗ TM⊗2) and ∇T
∗T ∈ Γ(T ∗M⊗3) are defined by Γµ
νρ ≡ Γµ
sν
sρ and
Γµνρ ≡ Γµ
sν
sρ . Analogously, the component V decomposes as
V =
(
V TT V TT
∗
V T
∗T V T
∗T ∗
)
,
so that we define the components of V T
∗T by V µνρ ≡ V
µsν
sρ , respectively of
V T
∗T ∗ by V µν
ρ ≡ V µs
ν
sρ. Similarly, for V
TT by V˜ µνρ ≡ V
µsν
sρ and for V
TT ∗ by
V µνρ ≡ V µsν sρ .
1For a convenient track of the type of indices we temporarily use e.g. Γµ
sα
sβ to denote the
component contracting with sα
∂
∂sβ
in the definition of the covariant derivative, where α can
be µ up and µ down.
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With these conventions, the direct evaluation of the torsion T (QE) = QE(τM)
gives, as mentioned in chapter 5, three contributions
T (QE) = T (Γ) + T (V ) + T
(1,1)(Γ, V ) (52)
which we now give explicitely in components. They are
T (Γ) = Γµ
ρ
νψ
µψνsρ + (
1
2
Hρµν + Γµρν)ψ
µψνsρ ∈ Γ(Λ2T ∗M ⊗ TM) ,
T (V ) = V µρνbµbνsρ + V
µ
ρ
νbµbνs
ρ ∈ Γ(Λ2TM ⊗ TM),
and
T (1,1)(Γ, V ) = (V˜ µρν − Γν
ρµ)bµψ
νsρ + (V
µ
ρν − Γ˜νρ
µ)bµψ
νsρ + pµs
µ . (53)
It is clear that the first term appearing in T (Γ) is the usual torsion of the affine
connection ∇TT . As in the discussion of the (1, 1) component of the curvature,
we can introduce an affine connection on TM in order to get a covariant p˜ so
that T (1,1)(Γ, V ) − p˜µs
µ ∈ Γ(T ∗M ⊗ TM ⊗ TM). This gives the K-dependent
form of the (1, 1) component of the torsion, as described and used in (36) of the
main text.
B Lagrangian submanifolds of T ∗[2]T [1]M
It is known that lagrangian submanifolds of T ∗[2]T [1]M invariant under the
homological vector field correspond to Dirac structures of the Courant algebroid
associated to it (e.g. section 4 of [26]). In this appendix we work out explicitely
the details of the characterization of Dirac structures in this language which is
particularly useful for the main text. Let L ⊂ TM be a Dirac structure; we
are going to describe the corresponding dM-invariant lagrangian submanifold
LL
φ
→֒ T ∗[2]T [1]M .
As a Lie algebroid, L is described by the NQ-manifold L[1] of degree 1.
Locally, let us choose for the latter coodinates (yµ, λA) of degrees (0, 1) and for
the Courant algebroid (xµ, ψµ, bµ, pµ) as in the main text. Finally let us denote
by ω = dxµdpµ + dψ
µdbµ the canonical symplectic structure of T
∗[2]T [1]M . We
describe the embedding φ by the following formulas:
yµ = xµ, ψµ = ρµAλ
A , bµ = ρµAλ
A , pµ =
1
2
φµABλ
AλB , (54)
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where ρµA and ρµA denote the components of the maps ρT ∗ and ρ introduced in
section 4 and φµAB to be determined. For a basis of vector fields, using (54) this
means
φ∗(
∂
∂yµ
) =
∂
∂xµ
+
∂ρκA
∂xµ
λA
∂
∂ψκ
+
∂ρκA
∂xµ
λA
∂
∂bκ
+
∂φκAB
∂xµ
λAλB
∂
∂pκ
, (55)
φ∗(
∂
∂λA
) = ρµA
∂
∂ψµ
+ ρµA
∂
∂bµ
+ φµABλ
B ∂
∂pµ
. (56)
LL being lagrangian means φ
∗ω = 0, which gives the following two conditions:
0 = (φ∗ω)
( ∂
∂yµ
,
∂
∂λA
)
=
(
φµAB − ρ
κ
A
∂ρκB
∂xµ
−
∂ρκB
∂xµ
ρκA
)
λB , (57)
0 = (φ∗ω)
( ∂
∂λA
,
∂
∂λB
)
= ρµAρµB + ρ
µ
BρµA = 0 . (58)
The first condition fixes φµAB in the transformations (54) and the second one is
satisfied thanks to the fact that L is lagrangian.
It is now a direct computation the check that dM restricts to LL, i.e. φ∗(dL[1]) =
dM is equivalent to involutivity of L.
References
[1] Liu, Z-J., Weinstein, A., Xu, P.: Manin triples for Lie bialgebroids, J. Dif-
ferential Geom. 45 (1997), no. 3, pp. 547-574.
[2] Gualtieri, M.: Branes on Poisson varieties, The Many Facets of Geometry:
A Tribute to Nigel Hitchin (2007).
[3] O. Hohm and B. Zwiebach, Towards an invariant geometry of double field
theory, J. Math. Phys. 54, 032303 (2013)
[4] B. Jurcˇo and J. Vysoky´, Courant Algebroid Connections and String Effective
Actions, Noncomm. Geom. Phys. 4, 211 (2017)
[5] M. Garcia-Fernandez, Torsion-free generalized connections and Heterotic
Supergravity, Commun. Math. Phys. 332, no. 1, 89 (2014)
[6] A. Coimbra, C. Strickland-Constable and D. Waldram, Supergravity as Gen-
eralised Geometry I: Type II Theories, JHEP 1111, 091 (2011)
26 P. Aschieri, F. Bonechi, A. Deser
[7] A. Coimbra, C. Strickland-Constable and D. Waldram, Supergravity as Gen-
eralised Geometry II: Ed(d) × R
+ and M theory, JHEP 1403, 019 (2014)
[8] C. Hull and B. Zwiebach, Double Field Theory, JHEP 0909, 099 (2009)
[9] C. Hull and B. Zwiebach, The Gauge algebra of double field theory and
Courant brackets, JHEP 0909, 090 (2009)
[10] O. Hohm, C. Hull and B. Zwiebach, Background independent action for
double field theory, JHEP 1007, 016 (2010)
[11] Roytenberg, D.: On the structure of graded symplectic supermanifolds and
Courant algebroids. Quantization, Poisson Brackets and Beyond, Theodore
Voronov (ed.), Contemp. Math., Vol. 315, Amer. Math. Soc., Providence,
RI, 2002
[12] P. Sˇevera, Letters to Alan Weinstein about Courant algebroids,
arXiv:1707.00265 [math.DG].
[13] A. M. Vinogradov, Unification of the Schouten and Nijenhuis brackets, coho-
mology, and superdifferential operators, Mat. Zametki 47, no. 6, 138 (1990)
[14] G. Bonelli and M. Zabzine, From current algebras for p-branes to topological
M-theory, JHEP 0509, 015 (2005)
[15] A. Deser and J. Stasheff, Even symplectic supermanifolds and double field
theory, Commun. Math. Phys. 339, no. 3, 1003 (2015)
[16] A. Deser and C. Sa¨mann, Extended Riemannian Geometry I: Local Double
Field Theory, Ann. Henri Poincare´ (2018) 19: 2297
[17] Cattaneo A.S., Schaetz F.: Introduction to supergeometry. Reviews in Math-
ematical PhysicsVol. 23, No. 06, pp. 669-690 (2011) .
[18] Mehta R.A.: Q-algebroids and their cohomology, J. Symplectic
Geom.7 (2009), 3, 263–293.
[19] D. Quillen: Superconnections and the Chern character,Topology 24:1 (1985),
89–95.
On Curvature and Torsion in Courant Algebroids 27
[20] A. Kotov and T. Strobl, Characteristic classes associated to Q-bundles, Int.
J. Geom. Meth. Mod. Phys. 12, no. 01, 1550006 (2014)
[21] M. Gru¨tzmann and T. Strobl, General Yang–Mills type gauge theories for p-
form gauge fields: From physics-based ideas to a mathematical framework or
From Bianchi identities to twisted Courant algebroids, Int. J. Geom. Meth.
Mod. Phys. 12, 1550009 (2014)
[22] Abad, C., Crainic, M.: Representations up to homotopy of Lie alge-
broids. Journal fu¨r die reine und angewandte Mathematik (Crelles Journal),
2012(663), pp. 91-126.
[23] Gualtieri, M.: Generalized complex geometry, arXiv preprint math/0401221
(2004).
[24] Roytenberg, D.: AKSZ-BV formalism and Courant algebroid-induced topo-
logical field theories. Lett.Math.Phys. (2007) 79:143–159.
[25] Vaintrob, A. Yu.: Lie algebroids and homological vector fields. Russ. Math.
Surv. (1997), 52, 428
[26] Sˇevera, P.: Some title containing the words ”homotopy” and ”symplectic”,
eg this one. arXiv preprint math/0105080 (2001).
[27] P. Sˇevera and F. Valach, Ricci flow, Courant algebroids, and renormalization
of Poisson–Lie T-duality, Lett. Math. Phys. 107, no. 10, 1823 (2017)
